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Abstract. In a recent set of modeling studies we have developed a stochastic threshold model of auditory nerve
response to single biphasic electrical pulses (Bruce et al., 1999c) and moderate rate (less than 800 pulses per second)
pulse trains (Bruce et al., 1999a). In this article we derive an analytical approximation for the single-pulse model,
which is then extended to describe the pulse-train model in the case of evenly timed, uniform pulses. This renewal-
process description provides an accurate and computationally efficient model of electrical stimulation of single
auditory nerve fibers by a cochlear implant that may be extended to other forms of electrical neural stimulation.
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1. Introduction

In the last 50 years there has been much investiga-
tion of electrical stimulation of human neural systems

∗Ian Bruce is now with the Department of Biomedical Engineering,
Center for Hearing Sciences, 505 Traylor Building, Johns Hopkins
University, 720 Rutland Ave, Baltimore, MD 21205.
†Laurence Irlicht is now with Rothschild Australia Asset Manage-
ment, Melbourne, VIC 3000 Australia.

for the purpose of alleviating or circumventing the
effects of a disability or disease, including stimulation
of motor (muscular) systems, internal organs, and sen-
sory systems (see Rattay, 1990, for an introduction).
Of particular success has been electrical stimulation of
the human auditory system with auditory prostheses
(cochlear implants). Over 20,000 adults and children
worldwide have received a cochlear implant (Manufac-
turer’s summary, Fifth International Cochlear Implant
Conference, New York, 1997), which can provide some
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level of speech perception to a severely or profoundly
deaf individual (e.g., Gantz et al., 1987). However,
much is still not understood about how the auditory
nerve (AN) responds to electrical stimulation with
a cochlear implant. One issue that we have investi-
gated in a recent series of studies (Bruce, 1997; Bruce
et al., 1999a, 1999b, 1999c, 1999d) is the physiological
and behavioral effects of stochastic activity in the AN
response to electrical stimulation.

In Bruce et al. (1999a, 1999c), we developed
stochastic models of AN response to electrical stimula-
tion, following the conceptual approach of Verveen and
Derksen (1968), White (1978), and White et al. (1987).
Based on the Hill (1936) deterministic threshold
model, our models incorporate a number of significant
components of action-potential generation, including
membrane noise as characterized by Verveen and col-
leagues (Verveen, 1960, 1961, 1962; Hoopen and
Verveen, 1963; Derksen and Verveen, 1966; Verveen
and Derksen, 1968, 1969). Threshold models are much
simpler conceptually and are more computationally ef-
ficient than Hodgkin-Huxley (HH) type models and
provide a good approximation to such models (Kistler
et al., 1997).

However, simulating our stochastic threshold mod-
els via Monte Carlo methods is still relatively slow for a
large number of fibers and a reasonably long stimulus,
such as we have used in predicting psychophysical data
(Bruce et al., 1999b, 1999d). Therefore, in this article
we derive analytical approximations of these models,
which allow much more rapid calculation of the dis-
charge rate mean and variance. In Section 2 we derive
an analytical expression for the discharge probability of
the single-pulse model. In Section 3 a renewal-process
approximation of the pulse-train model is derived for
the case of evenly timed, uniform pulses. In Section 4
we discuss possible improvements to the model and
considerations for extending it to other forms of
electrical neural stimulation.

2. Single-Pulse Model

Investigating the response of a single AN fiber to a
single biphasic current pulse is useful because it avoids
the complicating effects of interpulse interactions that
occur in response to pulse trains. Interpulse effects will
be considered in Section 3, where we use the model of
single-pulse response as the basis for a model of pulse-
train response.

In preparation for considering the response to a train
of current pulses, we consider any single biphasic

current pulsen. We define asinglepulse as any pulse
whose response properties are not dependent on any
previous pulses. The model will therefore be valid for
any single pulse presented in isolation, for the first pulse
in a pulse train, and for all pulses in a pulse train of
sufficiently low pulse rate.

2.1. Deterministic Model of Single-Pulse Response

The basis of the single-fiber model developed in Bruce
et al. (1999c) is the Hill (1936) threshold model of
action-potential generation. Hill’s model is a phe-
nomenological description that does not directly model
any actual physical potentials, conductances, or move-
ment of ions. Instead, conceptual “potentials” are used
to describe how a neuron responds to electrical stimu-
lation, determining if and when an action potential will
result in response to a particular stimulus.

Hill’s model utilizes two potentials, which he labels
the local potentialand thethreshold potential. We
useVstim, thestimulus potential, to refer to Hill’s lo-
cal potential andVthr to refer to the threshold potential.
Vstim responds to the injection of electrical current with
a process Hill callsexcitation. Vthr is also affected by
the injection of current in a manner termedaccommo-
dation. When the stimulus potentialVstim crosses the
threshold potentialVthr, an action potential is generated.

Hill investigated the behavior ofVstim and Vthr for
a range of stimulus waveforms, including monopha-
sic current pulses. He showed how an action potential
could result from the change in potential near the cath-
ode in response to rapid increase in current at the on-
set of the pulse. Additionally, an action potential may
result from the change in potential near the anode in
response to the current returning to its resting value at
the offset of the pulse.

For biphasic current pulses, discharges may occur in
response to the onset and offset of both the cathodic
and the anodic phases. However, the thresholds are
lower for the onset of the cathodic phase (Hill 1936;
Ranck, 1975), and we therefore approximate the re-
sponse to biphasic pulses by the response to the onset of
the cathodic phases. Furthermore, inner hair-cell loss
is assumed to be near complete, such that extremely
little spontaneous activity exists (Kiang et al., 1970),
and consequently discharges are very unlikely to occur
between pulses.

Approximation 1 We consider that discharges may
occur only in response to the cathodic phase of a bipha-
sic current pulse and may not occur between pulses.
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We will refer to a discharge in response to the ca-
thodic phase of any biphasic pulse n as having occurred
during pulse n.

Hill described the response of the stimulus potential
Vstim to the onset of the cathodic phase according to the
equation:

Vstim(t) = Vstim(0)+ cτ I (1− e−t/τ ), (1)

wherec is a constant (Hill usesb), I is the amplitude
of the current pulse, andτ is the time-constant of the
change in stimulus potential (Hill usesk).

Hill estimated that the threshold potential changes in
response to the cathodic phase according to the equa-
tion

Vthr(t) = Vthr(0)+ cτ I

[
1+ e−t/τ

λ/τ − 1
− e−t/λ

1− τ/λ
]
,

(2)

whereλ is the time-constant of the change in threshold
potential.

With the correct values ofc, τ , andλ, Hill’s model
predicts whether an action potential will occur and also
its latency. To increase the ease and efficiency with
which we can calculate whether an action potential oc-
curs, we will make a series of further approximations.
As a consequence of these approximations, the model’s
prediction of the exact latency of the response will be
degraded.

Bothτ andλ are properties of the neuron, not of the
stimulating current, andλ/τ can typically be on the
order of 40 to 80 for unmyelinated nerve (Hill, 1936).
Threshold versus pulse duration curves for myelinated
fibers (Bostock, 1983) suggest that they have an even
greater ratio. If we are primarily concerned with the
stimulus intensity required to generate an action po-
tential and not with the exact latency of the action po-
tential, the ratio of the time-constants is large enough
that we can ignore accommodation (Hill, 1936). As a
consequence of this approximation, an action potential
will occur if the asymptotic value ofVstim(t) is greater
than or equal toVthr(0). We can therefore approximate
the time course ofVstim(t) by a step-function.

Approximation 2 Vthr is considered not to change
in response to the stimulating pulse, remaining at
a constant value Vthr(n) for the duration of the ca-
thodic phase of pulse n. Vstim is considered to increase
instantaneously in response to a current pulse and

Figure 1. Deterministic model of single-pulse response. The com-
parator produces a model spike (i.e., a very short-duration pulse) at
the output of the model wheneverVstim rises toVthr or above.

remain at a constant value Vstim(n) for the duration
of the cathodic phase of pulse n.

In making this approximation, a systematic bias is
introduced to the estimate of the stimulus intensity re-
quired to produce an action potential. The error is equal
to (λ/τ)

1
λ/τ−1 −1 (Hill, 1936). For a ratioλ/τ = 40 the

error will be 9.9%, and increasing the ratio to 80 causes
the error to fall to 5.7%. For myelinated nerve, such as
the mammalian AN, the error will be even smaller.

Following Approximation 1 and 2, Hill’s model can
be represented by the electrical circuit diagram shown
in Fig. 1.

This model is in effect a Bernoulli process (trial)
(e.g., Devore, 1987), where a discharge in response to a
pulse is considered to have a value of 1 and no discharge
a value of 0. We define the output of this model as a
Bernoulli random variablep(n) that is dependent on
the parameters of pulsen and the parameters of the
neural model

p(n)
1= Pr{discharge during pulse n}. (3)

An expression for the probability of discharge in
response to any single pulsen can be derived directly
from the electrical circuit. For the deterministic model,
only two possible values ofp(n) exist, zero and one. If
the stimulus intensity is great enough to causeVstim(n)
to rise to Vthr(n) or above, an action potential will
always result. If the stimulus intensity is less than this
critical value, no action potential will ever result. That
is,

p(n) =
{0 for Vstim(n) < Vthr(n)

1 for Vstim(n) ≥ Vthr(n)
. (4)
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The probability of discharge versus stimulus inten-
sity relationship can be referred to as an input/output
(I/O) function.

2.2. Stochastic Model of Single-Pulse Response

In this section we extend the model shown in Fig. 1
to create a stochastic model of single-pulse response.
From Verveen’s measurement of membrane noise it
may seem intuitive to add a noise source to the stim-
ulus potentialVstim. However, comparison of Hill’s
model with HH-type models indicates thatVthr is an
approximation of the behavior of the ionic channels
that are the source of the noise and is therefore also
an appropriate choice for including the noise. In fact,
subtracting a noise potential fromVthr is computation-
ally identical to adding it toVstim. Furthermore, the
mean of the noise is zero, and it has a symmetrical am-
plitude distribution, so it makes no difference whether
the noise is added or subtracted. We choose to add the
noise potentialVnoise, which has a 1/ f spectrum and
a Gaussian distribution, toVthr, producing the model
shown in Fig. 2.

Accurate simulation of noise with a 1/ f frequency
spectrum is quite laborious. However, the 1/ f shape
of the spectrum is such that the low-frequency content
of the noise outweighs the high-frequency content to
the extent thatVnoisechanges slowly enough that it may
be considered to remain constant for the duration of a
short current pulse.

Approximation 3 Vnoise is considered to have a con-
stant value Vnoise(n) for the duration of pulse n. This
noise is normally distributed with a mean of zero and
varianceσ 2.

Figure 2. Stochastic model of single-pulse response. See text for
explanation of circuit components. (From Bruce et al., 1999c, fig. 2
c© 1999 IEEE.)

Note that Approximation 3 will decrease in accuracy
with increasing pulse width.

Given the model of action potential generation de-
scribed by Fig. 2 and Approximations 1, 2, and 3, the
probability of discharge during pulsen is equal to
the probability thatVstim(n) is greater than or equal
to the noise modified threshold during pulsen:

p(n) = Pr{Vstim(n) ≥ Vthr(n)+ Vnoise(n)}
= Pr{Vnoise(n) ≤ Vstim(n)− Vthr(n)}

=
∫ Vstim(n)−Vthr(n)

−∞
f (x) dx,

where f (x) is the probability distribution ofVnoise(n).
For Vnoise(n) distributed normally with a mean of

zero and standard deviationσ ( f (x) = 1√
2πσ

e−x2/2σ 2
),

it follows from Abramowitz and Stegun (1972, p. 298,
eq. 7.1.22) that

p(n) = 1

2

(
1+ erf

(
Vstim(n)− Vthr(n)√

2σ

))
, (5)

where erf is the integrated-Gaussian, or error function:

erf(x)
1= 2√

π

∫ x

0
e−t2

dt.

The functionp(n) is dependent onVstim(n)with two
independent variables:Vthr(n) andσ . As with the de-
terministic model, we refer toVthr(n) as thethreshold.
From (5), this definition of threshold corresponds to
the stimulus level that produces a probability of firing
of 0.5 and is consistent with Verveen’s convention for
defining threshold.

Verveen (1960, 1961) referred to the second variable
σ in a normalized form, which he labeled therelative
spread(RS):

RS
1= σ

threshold
. (6)

The greater the value of RS, the shallower the slope of
the I/O function.

Given the complexity of performing simulations
without all the assumptions and approximations used
thus far, we have not conducted an analysis of the
approximation error introduced at every stage. How-
ever, given the accuracy of (5) in fitting both phys-
iological data from AN fibers (Bruce et al., 1999c)
and simulations by a stochastic HH-type model
(Rubinstein, 1995), these assumptions and approxima-
tions appear to be accurate and appropriate.
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3. Pulse-Train Model

Although the investigation of single-pulse responses is
useful in the development and verification of a neural
model, single-pulse stimuli are not the usual output
from cochlear implants. Most cochlear implant speech
processing strategies typically utilize trains of pulses at
rates higher than 100 pulses per second (pps) and train
durations up to hundreds of milliseconds. Therefore,
a practical model must accurately describe the neural
response to trains of current pulses at a range of pulse
rates and train durations.

3.1. Monte Carlo Model of Pulse-Train Response

In the case of pulse trains, the time-dependent nature
of neural response to current pulses means that the re-
sponse to any one pulse in the train will be dependent on
how the neuron has responded to the previous pulses
in the pulse train. Such dependencies are commonly
referred to asinterpulse interactions.

The major form of interpulse interaction seen in
physiological data is known as therefractory effect,
whereby after an action potential is generated there is
some time over which the neuron is either unable or
less able to be driven to discharge again (e.g., see
Stypulkowski and van den Honert, 1984). The time over
which the neuron is subject to refractory effects is no-
tionally divided into theabsolute refractory periodand
the relative refractory period. The former occurs im-
mediately after action-potential generation, and during
this time it is not possible to produce another discharge.
Following the absolute refractory period is the relative
refractory period, during which the neuron is harder to
drive to discharge than when it is outside the refractory
period. After the relative refractory period the neuron
has returned to its normal state, and its response is no
longer dependent on previous activity.

In Bruce et al. (1999a) we approximated this behav-
ior by introducing a phenomenological mechanism to
our model that describes the end result of the refractory
effects on the probability of discharge. To the single-
pulse model we add a refractory potentialVrefr as shown
in Fig. 3. Following an action potential, the threshold
with which the stimulus potential is compared is raised
over the refractory period by some chosen function.

The refractory functionVrefr will have a value of in-
finity for the absolute refractory period and will then
generally fall smoothly to zero over the relative re-
fractory period. We therefore make two assumptions
regarding the behavior of the refractory function:

Figure 3. Stochastic model of pulse-train response. See text for
explanation of circuit components. (From Bruce et al., 1999a, fig. 1
c© 1999 IEEE.)

Assumption 1 Vrefr is assumed to be monotonically
decreasing—that is, it falls from its maximum value at
the beginning of the refractory period to its minimum
value at the end of the refractory period without any
transitory increases.

Assumption 2 The refractory effects are assumed to
be of finite duration—that is, Vrefr returns to a value of
zero within a finite time.

Refractory effects may also change the behavior of
the membrane noise. It appears that the magnitude of
Vnoise may increase with small, sustained depolariza-
tions (see Bruce et al., 1999c, fig. 1). The behavior of
the membrane noise during the larger depolarization
that occurs as a result of an action potential is not well
understood. This requires a more thorough investiga-
tion of the behavior of ionic channels during and after
action-potential generation. Some physiological data
and modeling results indicate that the noise increases
significantly only during depolarizations that do not
generate an action potential (Dynes, 1996, fig. 5-7),
whereas others suggest that the membrane noise could
increase greatly during a segment the refractory period
under some conditions (Rubinstein et al., 1997; Miller
et al., 1999). Due to the uncertainty about the exact
nature of these phenomena, we will not attempt incor-
porate them into the model at this stage. Consequently,
the standard deviation ofVnoiseremains proportional to
the resting threshold during the refractory period—that
is, σ = RS× Vthr.

An excitatory (facilitory) interpulse effect has also
been observed if the depolarization caused by a pulse is
not great enough to produce an action potential. In this
case, any pulse following this subthreshold conditioner
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pulse will have a reduced threshold (Dynes, 1996;
Butikofer and Lawrence, 1979). These facilitory ef-
fects generally last for approximately half a millisecond
but may have longer time constants in small-diameter
fibers (Frijns, 1995, chap. 4). This effect requires fur-
ther investigation and could be added to our model
when sufficient information becomes available.

Autocorrelation of the membrane noise could also
produce interpulse interactions—that is, the noise
potential during one pulse may be correlated with
the noise potential during the preceding and follow-
ing pulses in the pulse train, such that their re-
sponses are not independent. Such effects could be
investigated electrophysiologically or by using a HH-
type model that includes stochastic activity (e.g.,
Rubinstein, 1995), but such an investigation would be
extremely difficult either experimentally or computa-
tionally and is beyond the scope of this article. There-
fore, we use a simplifying approximation:

Approximation 4 Vnoise is considered to be uncorre-
lated between pulses.

Finally, for the purpose of numerical evaluation the
model is discretized—that is, each pulse phasen is
divided into a number of discrete bins of equal time.
The level of discretization (number of bins per phase)
will have an effect at higher pulse rates where a number
of pulses fall within the relative refractory period. The
number of bins required is dependent on the slope of
the refractory function. We used 10 bins per phase as
our discretization level in computing our simulation
results because we found that increasing the number of
bins beyond 10 had negligible effect.

3.2. Renewal-Process Approximation of Stochastic
Pulse-Train Model

In this section we develop expressions for the mean and
variance of the discharge rate in response to a train of
evenly timed, uniform pulses. In the course of devel-
oping these descriptions, an expression for calculating
the interspike interval (ISI) histogram is also derived.
Rather than developing descriptions for the determin-
istic and stochastic models separately as we did for the
single-pulse model, it is simpler to derive an expression
for the stochastic model and to treat the deterministic
model as a special case of the stochastic model—that
is, the case where the noise is equal to zero.

The stochastic model developed in the previous sec-
tion can be described as a renewal process (Cox, 1962;
Feller, 1968). In a renewal process, the waiting times
between successive occurrences of an event are mu-
tually independent random variables having the same
distribution (Feller, 1968, p. 303). Our model qualifies
as a renewal process because after each discharge it be-
gins anew without any “memory” of prior discharges.
The theory of renewal processes was originally devel-
oped to predict failure times for mechanical or electri-
cal components or conversely how often a component
needs to be replaced orrenewed. Hence the time be-
tween events is called the renewal timer . In our case
it is used to model the ISI, which describes the time
between consecutive discharges.

Given the mean and variance of the renewal time,
it is possible to derive the mean and variance of the
discharge rate. Exact expressions for all of these can
be derived for our stochastic model in the case of a
pulse train of infinite duration. Therefore, we make
the following approximation:

Approximation 5 The actual finite pulse train of
evenly timed, uniform pulses is approximated by a
pulse train of infinite duration.

This approximation constitutes the only difference
between the stochastic model suitable for Monte Carlo
simulation and the analytical description thereof. The
sensitivity of the analytical results to this approxima-
tion is examined in Section 3.3, where the analytical
approximation is compared with the results of Monte
Carlo simulations.

Following Approximations 1, 2, and 3, all values in
the pulse-train model remain constant across pulsen
except the refractory potentialVrefr. The values ofVrefr

will depend on the time in the pulse train that the last
discharge occurred, referred to as binj in pulsen, or
nj . Therefore, E[r ] and var[r ] in turn will be dependent
on the time of the last discharge. We can calculate the
mean and variance of the renewal time using the law of
total probability (e.g., Devore, 1987, p. 60), if we can
first determine the mean and variance of the renewal
time dependent on the time of the last discharge and
then calculate the probability distribution for all the
times the previous discharge may have occurred.

That is,

E[r ] =
∑
nj

(E[r | last discharge occurred innj ]

×Pr{last discharge occurred innj }) (7)
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and

var[r ] =
∑
nj

(var[r | last discharge occurred innj ]

×Pr{last discharge occurred innj }). (8)

For a pulse train of infinite duration consisting of
evenly timed, uniform pulses, the process will reach
a state where, from that point on, the probability of
response to each pulse does not change. This is known
as theequilibrium state(Cox, 1962). The mean and
variance of the renewal time taken over aninfinitepulse
train will be exactly equal to the mean and variance of
the renewal time in the equilibrium state.

Therefore, under Approximation 5, we consider the
case where a discharge has occurred during a pulse
while the process is in an equilibrium state. If the dis-
charge has occurred in binj of that pulse, then the ex-
pected time to the next discharge is labeled as E[r | j ].
The mean renewal time across all values ofj is then

E[r ] =
∑

j

E[r | j ] Pr{last discharge in binj }, (9)

and the variance is

var[r ] =
∑

j

(var[r | j ]

×Pr{last discharge in binj }). (10)

First we derive the mean and variance of the renewal
time dependent on the time of the last discharge.

From Feller (1968),

E[r | j ] =
∞∑

k=0

k f (k | j ), (11)

where f (n | j ) is defined as the probability of thefirst
subsequentdischarge occurring during pulsen, given
that the last discharge occurredn pulses previously in
bin j . This scheme is illustrated in Fig. 4.

Figure 4. Schematic of pulse and bin numbering for calculation of
the renewal timer , where a discharge has occurred in binj of pulse
0 and the next subsequent discharge occurs in bini of pulsen. A
discretization level of 6 bins per pulse is shown.

We can calculatef (n | j ) by first determining the
probability of a discharge occurring during pulsen,
given that the last discharge occurredn pulses previ-
ously in bin j , which we labelp(n | j ).

Given the model of action potential generation de-
scribed by Fig. 3, Approximations 1, 2, 3, and 4 and
Assumption 1, an action potential will occur during
pulsen if Vstim(n) is greater than or equal to the refrac-
tory modified threshold by the end of pulsen.

Define g(ni | j ) as the probability thatVstim(n) is
greater than or equal to the refractory modified thresh-
old in bin i of pulsen, given that the last discharge
occurredn pulses previously in binj . An expression
for g(ni | j ) follows directly from (5).

SubstitutingVthr(n) + Vrefr(ni | j ) for Vthr(n) in (5)
gives

g(ni | j )
= 1

2

(
1+ erf

(
Vstim(n)− Vthr(n)− Vrefr(ni | j )√

2σ

))
.

(12)

When RS is zero, the model behaves deterministi-
cally, and (12) becomes

g(ni | j )

=
{

0 for Vstim(n) < Vthr(n)+ Vrefr(ni | j )
1 for Vstim(n) ≥ Vthr(n)+ Vrefr(ni | j )

. (13)

For both the stochastic and the deterministic mod-
els, in the case of a monotonically decreasing refractory
modified threshold, a discharge will occur during pulse
n if Vstim(n) is greater than or equal to the refractory
modified threshold by the final bin of pulsen. There-
fore p(n | j ) is equal tog(ni | j ) wheni is the final bin
of pulsen, giving

p(n | j ) = g(nfinal | j ), (14)

wherenfinal denotes the final bin of pulsen.
Given (14), it is possible to derive an expression for

f (n | j ).
For n = 0,

f (n | j ) = Pr{next discharge occurs during same pulse

| last discharge occurred in binj }
= p(0 | j ). (15)
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Figure 5. Comparison of discharge rate mean and variance predicted by 500 iterations of Monte Carlo simulations for pulse rates of 200 pps
(4) and 600 pps (¤) and by the analytical approximation (solid lines).A, B: Mean discharge rate (A) and discharge-rate variance (B) versus
stimulus intensity for a10 mspulse train.C, D: Mean discharge-rate (C) and discharge-rate variance (D) versus stimulus intensity for a100 ms
pulse train.

For n > 0,

f (n | j )
= Pr{no discharge beforen

| last discharge occurredn pulses ago in binj }
×Pr{discharge during pulsen

| last discharge occurredn pulses ago in binj }
= Q(n− 1 | j )p(n | j ), (16)

whereQ(n | j ) is defined as the probability of no dis-
charge occurring up to and including pulsen, given that

the last discharge occurredn pulses ago in binj and is
described by the equation

Q(n | j ) =
n∏

m=0

1− p(m | j ). (17)

Combining (15) and (16) gives

f (n | j ) =
{

p(0 | j ) for n = 0

Q(n− 1 | j )p(n | j ) for n > 0
. (18)

It is possible to reduce the number of values ofn
for which we need to evaluate (14) and (18), and thus
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simplify the calculation of (11), because the monoton-
ically decreasing refractory function falls to a value of
zero within a finite time (Assumptions 1 and 2) and the
pulse train is of infinite duration (Approximation 5).
In this case, there exists some timeL such that refrac-
tory effects are negligible for all timesk ≥ L—that
is, p(k | j ) = p, ∀k ≥ L, wherep is the single-pulse
discharge probability described by (5). Then

E[r | j ] =
L−1∑
k=0

k f (k | j )+
∞∑

k=L

k f (k | j ). (19)

For k ≥ L,

f (k | j ) = Pr{no discharge beforeL}
×Pr{no discharge betweenL andk}
×Pr{discharge duringk}
= Q(L − 1 | j )(1− p)k−L p. (20)

Then

E[r | j ]

=
L−1∑
k=0

k f (k | j )+
∞∑

k=L

kQ(L − 1 | j )(1− p)k−L p

=
L−1∑
k=0

k f (k | j )+ Q(L − 1 | j )
(

L − 1+ 1

p

)
.

(21)

Likewise,

var[r | j ]=E[r 2 | j ] − E[r | j ]2

=
∞∑

k=0

k2 f (k | j )− E[r | j ]2

=
L−1∑
k=0

k2 f (k | j )+
∞∑

k=L

k2 f (k | j )− E[r | j ]2

=
L−1∑
k=0

k2 f (k | j )+
∞∑

k=L

k2Q(L − 1 | j )

×(1− p)k−L p− E[r | j ]2

=
L−1∑
k=0

k2 f (k | j )+ Q(L − 1 | j )

×
((

L − 1+ 1

p

)2

+ 1− p

p2

)
− E[r | j ]2.

(22)

Next we calculate the probability distribution for all
the times the previous discharge may have occurred. To
do this, we introduce a matrixB, where the elements
of the matrix,Bi j , are defined as

Bi j
1= Pr{next discharge occurs in any bini

| last discharge occurred in any binj }. (23)

For the renewal process described by (11), (14),
and (18), the elements ofB can be calculated via

Bi j = Pr{next discharge occurs in any bini

| last discharge occurred in any binj }

=
∞∑

k=0

Pr{no discharge beforek | j }

×Pr{discharge occurs in bini of pulsek | j }

=
∞∑

k=0

Q(k− 1 | j )p(ki | j ), (24)

where we definep(ni | j ) as the probability of a
discharge in bini of pulsen, given that the previous
discharge occurredn pulses previously in binj .

Again separately considering the cases ofk < L and
k ≥ L,

Bi j =
L−1∑
k=0

Q(k− 1 | j )p(ki | j )

+
∞∑

k=L

Q(k− 1 | j )p(ki | j ). (25)

For k ≥ L, Vrefr(ki ) is zero for all values ofi , and
therefore if a discharge occurs it will always occur in the
first bin of pulsek. Thus, the probability that a discharge
occurs in the first bin is equal to the probability of a
discharge occurring in that pulse—that is,p(k1 | j ) =
p(k | j ).

For i = 1, it follows that

∞∑
k=L

Q(k− 1 | j )p(k1 | j )

=
∞∑

k=L

Q(k− 1 | j )p(k | j )

=
∞∑

k=L

Q(k− 1 | j )

−
∞∑

k=L

Q(k− 1 | j )× (1− p(k | j ))
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=
∞∑

k=L

Q(k− 1 | j )−
∞∑

k=L

Q(k | j )

=
∞∑

k=L

Q(k− 1 | j )−
∞∑

k=L+1

Q(k− 1 | j )

= Q(L − 1 | j ) . (26)

For all i ,

∞∑
k=L

Q(k− 1 | j )p(ki | j )=
{Q(L − 1 | j ) for i = 1

0 for i 6= 1
.

(27)

Thus,

Bi j =
L−1∑
k=0

Q(k− 1 | j )p(ki | j )+ Q(L − 1 | j )δi=1,

(28)

whereδi=1 is one wherei = 1 and zero otherwise.
To calculate (28) it still remains to derive an expres-

sion for p(ni | j ). With a monotonically decreasing
refractory modified threshold,p(ni | j ) is equal to the
probability thatVstim(n) is greater than or equal to the
refractory modified threshold in bini of pulsen but
was less than the modified threshold in the previous
bin, i − 1:

p(ni | j )
= Pr{Vthr(n)+ Vrefr(ni | j )+ Vnoise(n)

≤ Vstim(n) ≤ Vthr(n)+ Vrefr(ni−1 | j )+ Vnoise(n)}
= Pr{Vstim(n)− Vthr(n)− Vrefr(ni−1 | j )
≤ Vnoise(n) ≤ Vstim(n)− Vthr(n)− Vrefr(ni | j )}

=
∫ Vstim(n)−Vthr(n)−Vrefr(ni | j )

Vstim(n)−Vthr(n)−Vrefr(ni−1| j )
f (x) dx

=
∫ Vstim(n)−Vthr(n)−Vrefr(ni | j )

−∞
f (x) dx

−
∫ Vstim(n)−Vthr(n)−Vrefr(ni−1| j )

−∞
f (x) dx

= g(ni | j )− g(ni−1| j ), (29)

whereg(ni | j ) is described by (12) for the stochastic
model and (13) for the deterministic model.1

Next we introduce two column vectorsEx and Ey,
where

Ex 1= Pr{last discharge occurred in any binj } (30)

and

Ey 1= Pr{next discharge occurs in any bini }. (31)

Following the law of total probability,

Ey = BEx. (32)

In the equilibrium state the probability that a spike
occurs in bini of any pulse is equal to the probability
that the last spike occurred in binj of any pulse when
i = j . We can therefore define a vectorEv

Ev 1= Ey = Ex. (33)

Thus (32) becomes

Ev = BEv. (34)

Given that the probability of discharge is nonzero for
all pulses and that the pulse train is of infinite duration,
a discharge must occur at some stage in the pulse train.
Consequently, the probability of the next discharge oc-
curring in any bini summed over all bins must equal
one—that is, the sum of all elements in each column
of B equals one.

The sum of all elements in each row ofBT is then
equal to one. Therefore, definingE1 as a column vector
whose elements are all equal to one,

BTE1= E1. (35)

BT must therefore have an eigenvalue that is equal to
one. The eigenvalues ofB are equal to the eigenvalues
of BT, and thereforeB must also have an eigenvalue
that is equal to one.

Thus,Ev is the eigenvector ofB corresponding to the
eigenvalue of one. Given that the probability of dis-
charge is nonzero for all pulses and that the pulse train
is of infinite duration (Approximation 5), both

∑
j x j

and
∑

i yi must equal one, and thereforeEv should be
scaled so that

∑
j v j = 1.

Equation (9) then becomes

E[r ] =
∑

j

E[r | j ]v j , (36)
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and (10) likewise becomes

var[r ] =
∑

j

var[r | j ]v j . (37)

We now have all the expressions required to eval-
uate (36) and (37): E[r | j ] can be found from (21),
var[r | j ] from (22), and the eigenvectorEv from the
values ofB given by (28).

From Feller (1968, p. 321), the mean and variance
of the number of dischargesD in a given time win-
dow can be derived from the mean and variance of the
renewal time, if the time window is long enough for
the distribution of the number of discharges to be well
approximated by a normal distribution. For an pulse
train of infinite duration, the limiting case given by
Feller (1968, eq. 6.8) will be reached. Therefore, given
Approximation 5, the mean (E[D]) and the variance
(var[D]) of the discharge rate can be described exactly
by

E[D] = 1

E[r ]
, (38)

var[D] = var[r ]

E[r ]3
. (39)

Note that an expression for the probability distribu-
tion of renewal times, or ISI histogram, can also be
directly calculated via the equation

f (n) =
∑

j

f (n | j )v j . (40)

3.3. Analysis of the Renewal-Process
Approximation’s Accuracy

To test the accuracy of this analytical approximation,
we conducted Monte Carlo simulations of the stochas-
tic model. The refractory function used was that shown
in Bruce et al. (1999a, fig. 2). Responses to 10, 20, and
100 ms pulse trains of rates 200 pps and 600 pps were
simulated and compared with the results of the analyt-
ical approximation. Estimates of discharge rate mean
and variance computed by 500 iterations of the simu-
lations and by the analytical approximation for 10 and
100 ms pulse trains are plotted in Fig. 5.

For a 10 ms pulse train, the analytical description
approximates the response at 600 pps reasonably accu-
rately and the response at 200 pps very well. Extending
the pulse train duration to just 20 ms (4 pulses at 200 pps
and 12 pulses at 600 pps) improves the accuracy con-
siderably (not plotted), and for a 100 ms pulse train,

the analytical expressions provide an almost exact de-
scription of the model. This indicates that the accuracy
of the analytical descriptions is relatively insensitive to
the length of the pulse train—that is, to the accuracy of
Approximation 5.

Furthermore, our implementation of the analytical
approximation takes just 0.04% of the time required by
the Monte Carlo simulation to compute 500 iterations
for a 100 ms pulse train. While the mean of the Monte
Carlo stimulation output converges rapidly, giving an
accurate estimate after only 100 iterations, the variance
has still not converged completely after 500 iterations.
The sample mean from the Monte Carlo simulations
will converge at a rate of

√
N, whereN is the number

of iterations, and the sample variance will converge
more slowly, at a rate of approximately

√
(N + 1)/2

(Keeping, 1962, p. 108). To double the accuracy of
the estimate of the variance would take seven times
the number of iterations, such that the analytical ap-
proximation, which does not require multiple itera-
tions, would take just 0.006% of the computational
time.

4. Discussion

In Bruce et al. (1999a, 1999c) we have shown that a
deterministic model is a poor description of a fiber’s re-
sponse, in light of the improvements in the prediction
of physiological data when a stochastic component of
response is added to the neural model. Specifically, we
have found that a simple stochastic model can accu-
rately predict the mean and variance of the discharge
rate in response to both single pulses and moderate
rate pulse trains. Our results suggest that in the case
where a uniform refractory function is assumed across
all neurons, just two parameters (threshold and RS)
can well describe the response of an AN fiber to single
biphasic pulses and pulse trains. We have shown that an
even more precise description may be achieved by es-
timating a specific refractory function for each neuron.
However, the improved accuracy gained by estimating
refractory functions for each neuron may not justify the
additional parameters required to describe each neuron
in a large population of fibers.

In this article we have developed analytical descrip-
tions of single-fiber response to pulse trains that pro-
vide a simple and computationally efficient method of
modeling the response of a large-scale population of
AN fibers to trains of evenly timed, uniform pulses.
Such stimuli are commonly used in behavioral and
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physiological investigations. However, current speech
processing strategies used in cochlear implants may
produce trains of pulses that vary in amplitude over
the duration of the train. Neither the analytical de-
scriptions, nor the methods used in deriving them, can
be directly applied to simulate the response to such
pulse trains. Monte Carlo simulations of the model
illustrated in Fig. 3 could be used instead to esti-
mate the neural response. The requirement of evenly
timed, uniform pulses also prevents the renewal pro-
cess description from being applied to synaptic in-
put, since most neurons receive highly nonstationary
synaptic drive. Even in the case of secondary neu-
rons in the vestibular nuclei that receive evenly timed,
uniform depolarizing pulses from the “regularly dis-
charging” vestibular nerve afferents, these neurons
receive synaptic input from multiple afferents, often
from a mixture of regularly and irregularly discharg-
ing fibers (Goldberg et al., 1987). A more appropri-
ate, although much more computationally expensive,
stochastic model for synaptic input has been developed
recently by Schmich and Miller (1997).

The method used in deriving the renewal-process
approximation requires that the interpulse interval be
greater that the absolute refractory period. Further-
more, this model has been validated only for phys-
iological data collected at 800 pps or lower (Bruce
et al., 1999a). However, development of speech pro-
cessing strategies utilizing significantly higher stimu-
lation rates is currently being investigated by a number
of cochlear implant research groups. It would there-
fore be useful to extend our model to higher stimulation
rates. This would require a better understanding of both
(a) the dynamics of membrane noise and (b) interpulse
interactions other than refractory effects. As we raised
in Bruce et al. (1999a), the behavior of membrane noise
following both subthreshold and suprathreshold stim-
ulation and other interpulse interactions discussed in
Section 3.1 could be included in our Monte Carlo model
when they are better understood. Analytical approxi-
mations could also be derived using our methodology
if they do not violate the assumptions and approxima-
tions set forth in this article.

Application of this model to other forms of func-
tional neural stimulation is likely to depend on the mor-
phology and membrane properties of the neurons being
stimulated. For example, membrane potential fluctua-
tions in general were for a long time considered to be
of negligible magnitude (Verveen and Derksen, 1965).
However, Verveen (1962) reported that the magni-

tude of membrane potential fluctuations appears to be
negatively correlated with the diameter of the nerve
fiber. Mammalian AN fibers have a mean diameter
of ∼2 to 4µm (Spoendlin and Schrott, 1989; Gleich
and Wilson, 1993) and even smaller diameters (0.1 to
0.7µm) at the nodes of Ranvier in the myelinated por-
tion of the peripheral dendrite, proximal to the habenula
(Liberman and Oliver, 1984). This is two to three or-
ders of magnitude smaller than the mean diameter of
squid giant axons (∼500µm) (Hodgkin, 1961), which
indicates why membrane potential fluctuations may be
of significant magnitude in mammalian AN fibers. This
is consistent with the noise source being random transi-
tions in the state of single ionic channels at the nodes of
Ranvier, since the larger the diameter of the axon, the
more single ionic channels there will be at each node.
The more channels, the less significant the fluctuations
of any one channel will be when compared with the
total ionic conductance. Consequently, stochastic ac-
tivity is likely to be significant in functional electrical
stimulation of other small-diameter fibers. More re-
cently, Schneidman et al. (1998) have shown that it
is not precisely the number of ionic channels that is of
greatest importance “but rather the number of channels
that areopen near the threshold for spike firing.” This
suggests that stochastic activity could be functionally
significant for all forms of electrical neural stimulation,
depending on (a) the axon diameter of the neurons be-
ing stimulated and (b) the ionic channel properties of
the membrane—that is, the number of channels open
near threshold.
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Note

1. The modification of the threshold by the refractory function means
that contrary to Approximation 2, the threshold with whichVstim is
comparedwill change during pulsen and, depending on the time-
course of the refractory function, the time-course ofVstim may
become significant. From this, a case could be made for utilizing
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a stimulus potential that rises monotonically over the duration
of the pulse to its asymptotic value. As long as the refractory
function follows Assumption 1 and is monotonically decreasing,
only one adjustment would need to be made to the preceding
steps. Substituting a monotonically increasing stimulus potential
Vstim(ni | j ) for Vstim(n | j ) in calculatingg(ni | j ) in (12) will
change the value ofp(ni | j ) as calculated via (29), and in turn
the value ofBi j as calculated via (28). This could give a slightly
more accurate description of the probability of an action potential
occurring in a particular bin of a pulse and consequently could give
a slightly more accurate prediction of the mean and variance of
the renewal time. However, such effects are likely to be negligible
relative to the overall accuracy of the model.
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